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Abstract
In this paper, using a modified Poisson kernel in an upper half-space, we prove that a harmonic function
u(z) in a upper half space with its positive part u+(x) = max{u(x),0} satisfying a slowly growing condition
can be represented by its integral in the boundary of the upper half space, the integral representation is
unique up to the addition of a harmonic polynomial, vanishing in the boundary of the upper half space and
that its negative part u−(x) = max{−u(x),0} can be dominated by a similar slowly growing condition, this
improves some classical result about harmonic functions in the upper half space.
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1. Introduction and main theorem
Let Rn (n > 1) denote the n-dimensional Euclidean space. The boundary and closure of an
open Ω of Rn are denoted by ∂Ω and Ω respectively. We identify Rn with Rn−1 × R and Rn−1
with Rn−1 ×{0}, with this convention we then have ∂R+n = Rn−1, writing typical points x, y ∈ R
as x = (x′, xn), y = (y′, yn), where x′ = (x1, x2, . . . , xn−1), y′ = (y1, y2, . . . , yn−1) ∈ Rn−1 and
putting
x · y =
n∑
j=1
xjyj = x′ · y′ + xnyn, |x| = √x · x, |x′| =
√
x′ · x′.
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xu ≡ 0, where x = ∂2
∂x21
+ ∂2
∂x22
+· · ·+ ∂2
∂x2n
is Laplace operator in x. The upper half-space R+n is
the set R+n = {x = (x′, xn) ∈ Rn : xn > 0}. We write BR and ∂BR for the open ball and the sphere
of radius R in Rn centered at the origin and B+R = BR ∩ R+n and ∂B+R for the open upper half
ball and the upper half sphere of radius R in Rn centered at the origin. In the sense of Lebesgue
measure dx′ = dx1 . . . dxn−1, dx = dx′ dxn and let σ denote (n − 1)-dimensional surface-area
measure.
For real number α  0, we denote by (LU)α the space of all measurable functions f (x) in the
upper half-space R+n which satisfy the following inequality:∫
R+n
xn|f (x)|dx
(1 + |x|)n+α+2 < ∞, (1)
and (LV)α the set of all measurable functions g(x′) in Rn−1 which satisfy the following inequal-
ity: ∫
∂R+n
|g(x′)|dx′
(1 + |x′|)n+α < ∞. (2)
We also denote by (CH)α set of all continuous functions u(x) in the closed upper half-space R+n ,
harmonic in the open upper half-space R+n with the positive part u+(x) = max{u(x),0} ∈ (LU)α
and u+(x′) = u+(x′,0) ∈ (LV)α . The Poisson kernel for the half-space R+n is the function
PR+n (x, y) =
2xn
ωn|x − y|n (3)
where ωn = 2πn/2	(n/2) is the area of the unit sphere in Rn.
If u(x)  0 is harmonic in the open upper half-space R+n , continuous in the closed upper
half-space R+n , then [1,4,5] u ∈ (CH)α for each α  0 and there exists a constant c 0 such that
u(x) = cxn +
∫
∂R+n
PR+n (x, y
′)u(y′) dy′ (4)
for all x ∈ R+n , the integral in (4) is absolutely convergent. Motivated by this result, we will prove
that if u ∈ (CH)α , then u(x) ∈ (LU)α , u(x′) ∈ (LV )α and a similar representation to (4) for the
function u ∈ (CH)α holds by modifying the Poisson kernel PR+n (x, y). It is well know [3,4,6] that
the Poisson kernel PR+n (x, y) is harmonic in x ∈ Rn − {y} and has a series expansion in terms
of the ultraspherical (or Gegenbauer) polynomials Cλk (t) (λ = n2 ). The latter can be defined in
terms of a generating function
(1 − 2tr + r2)−λ =
∞∑
k=0
Cλk (t)r
k, (5)
where |r| < 1, |t |  1 and λ  0. The coefficients Cλk (t) is called the ultraspherical (or Gegen-
bauer) polynomial of degree k associated with λ, the function Cλk (t) is a polynomial of degree k
in t and satisfies the inequality [3, p. 82 and p. 92]∣∣Cλk (t)∣∣ Cλk (1) = 	(2λ + 1) , |t | 1. (6)	(2λ)	(k + 1)
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polynomials Cλk (t) is
PR+n (x, y) =
∞∑
k=0
xn|x|k
ωn|y|n+k C
n/2
k
(
x · y
|x||y|
)
, (7)
this series converges for |x| < |y|, each term is homogeneous in x of degree k+1. Differentiating
termwise in x gives
xPR+n (x, y) =
∞∑
k=0
x
(
xn|x|k
ωn|y|n+k C
n/2
k
(
x · y
|x||y|
))
. (8)
Each term x( xn|x|
k
ωn|y|n+k C
n/2
k (
x·y
|x||y| )) is homogeneous in x of degree k − 1, hence by the linear
independence of homogeneous functions, xn|x|
k
ωn|y|n+k C
n/2
k (
x·y
|x||y| ) is harmonic on R
n for each k  0.
If m 0 is an integer, we define a modified Poisson kernel of order m for x ∈ R+n − {y} by
PmR+n
(x, y) =
{
PR+n (x, y), when |y| 1,
PR+n (x, y) −
∑m
k=0
xn|x|k
ωn|y|n+k C
n/2
k
( x·y
|x||y|
)
, when |y| > 1. (9)
The modified Poisson kernel PmR+n (x, y) is harmonic in x ∈ R
+
n − {y}. For any y′ ∈ ∂R+n and
|x| > 1, xn > 0, the following inequalities∣∣xn−1n PmR+n (x, y′)∣∣
⎧⎨⎩
A|x|n+m
(1+|y′|)n+m , when |y′| 2|x|,
A|x|n+m+1
(1+|y′|)n+m+1 , when |y′| > 2|x|
(10)
hold for some constant A. (As is customary, A will denotes a finite, positive constant depending
at most on n and m, not necessarily the same on any two occurrences.) We get the following
result.
Theorem. If u ∈ (CH)α (α  0) and m is an integral such that m< α m+1, then the following
properties hold:
(i) If α = 0, then the integral∫
∂R+n
PR+n (x, y
′)u(y′) dy′ (11)
is absolutely convergent, it represents a harmonic function u−1(x) in R+n and can be contin-
uously extended to R+n such that u−1(x′) = u(x′) for x′ ∈ ∂R+n and there exists a constant c
such that u(x) = cxn + u−1(x) for all x ∈ R+n ;
(ii) If α > 0, then the integral∫
∂R+n
PmR+n
(x, y′)u(y′) dy′ (12)
is absolutely convergent, it represents a harmonic function um(x) in R+n and can be contin-
uously extended to R+n such that um(x′) = u(x′) for x′ ∈ ∂R+n and
lim R−(α+1) sup
{∣∣xn−1n um(Rx)∣∣: |x| = 1, xn > 0}= 0, (13)R→∞
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vanishes on the boundary ∂R+n such that u(x) = Qm(x) + um(x) for all x ∈ R+n .
2. Proof of theorem
We first prove the inequalities (10). When y′ ∈ ∂R+n , |y′| 1 2|x|, we have |x − y′| |xn|
and so∣∣xn−1n PmR+n (x, y′)∣∣ 2ωn A|x|n+m(1 + |y′|)−(n+m);
when y′ ∈ ∂R+n , 1 |y′| 2|x|, we also have |x − y′| |xn| and so by (6) and (9)∣∣xn−1n PmR+n (x, y′)∣∣ 2ωn
(
1 +
m∑
k=0
xnn |x|k
|y′|n+k C
n/2
k (1)
)
 A|x|
n+m
(1 + |y′|)n+m ;
when |y′| 2|x| 1, we have by (6) and (9)
∣∣xn−1n PmR+n (x, y′)∣∣ 2ωn
∞∑
k=m+1
xnn |x|k
|y′|n+k C
n/2
k (1)
A|x|n+m+1
(1 + |y′|)n+m+1 .
This proves the inequalities (10).
Proof of theorem. L. Hörmander [4] have proved that the Poisson kernel PB+R for the upper
half-ball BR (R > 0) is
PB+R
(x, y) =
{
R2−|x|2
ωnR
( 1|y−x|n − 1|y−x∗|n ), when |y| = R,yn > 0,
2xn
ωn
( 1|y−x|n − R
n
|x|n
1
|y−x˜|n ), when |y|R,yn = 0,
(14)
where |x| < R,xn > 0, x∗ = (x′, xn)∗ = (x′,−xn) denotes the reflection of x in the boundary
hyperplane ∂Rn+ and the reflection x˜ of x in the sphere ∂BR is defined by x˜ = R2x/|x|2 [2], its
direction is corresponded with x, and |x||x˜| = R2. Hence
u(x) =
∫
∂B+R
PB+R
(x, y)u(y) dσ (y), x ∈ B+R (15)
holds for any function u(x), which is harmonic in the open upper half-ball B+R and continuous
in the closed upper half-ball B+R . In particular, (15) holds for u ∈ (CH)α (α  0).
If |y′|R, R Rx = 3|x| + 1, xn > 0, then 2|y′ − x|R  |x||y′ − x˜|, so it follows that
xn
|y′ − x|n  ωnPB+R (x, y
′) 2xn|y′ − x|n . (16)
When |y| = R Rx = 3|x| + 1, yn  0, xn > 0, we have by the mean value theorem
nxnynR
(R + |x|)n+2  ωnPB+R (x, y)
2nxnynR
(R − |x|)n+2 . (17)
By (15), for R Rx = 3|x| + 1, xn > 0,
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∫
|y|=R, yn0
nxnynRu
−(y)
(R + |x|)n+2 dσ(y) +
∫
|y′|R
xnu
−(y′)
|y′ − x|n dy
′

∫
|y|=R, yn0
nxnynRu
+(y)
(R − |x|)n+2 dσ(y)+
∫
|y′|R
2xnu+(y′)
|y′ − x|n dy
′, (18)
where u−(x) = max{−u(x),0} is the negative part of u. If u ∈ (CH)0, then u+(x) ∈ (LU)0 and
u+(x′) ∈ (LV)0, hence there exists an unbounded increasing sequence {Rk} such that
lim
k→∞
1
Rn+1k
∫
|y|=Rk, yn0
ynu
+(y) dσ (y) = 0.
Taking R = Rk , k = 1,2, . . . , and letting k → ∞ in (18), we see that u−(x′) ∈ (LV)0 and
lim
k→∞R
−n−1
k
∫
|y|=Rk, yn0
yn
∣∣u(y)∣∣dσ(y) < ∞. (19)
If u ∈ (CH)α , α > 0, after dividing both the sides of the inequality (18) by Rα+1, integrating
both the left and right sides with respect to R Rx = 3|x|+ 1 and changing the order of integra-
tion, we see that there exists a large positive constant Ax depending only on u, x, n and α such
that ∫
R+n
ynu
−(y) dy
(1 + |y|)n+α+2 +
∫
∂Rnn
u−(y′) dy′
(1 + |y′|)n+α
Ax + Ax
∫
R+n
ynu
+(y) dy
(1 + |y|)n+α+2 + Ax
∫
∂Rnn
u+(y′) dy′
(1 + |y′|)n+α .
Therefore, u(x) = u+(x) − u−(x) ∈ (LU)α and u(x′) ∈ (LV)α , the integral in (12) is absolutely
convergent, hence there exists an unbounded increasing sequence {Rk} such that
lim
k→∞
1
Rn+α+1k
∫
|y|=Rk, yn0
yn
∣∣u(y)∣∣dσ(y) = 0.
By (10) and the definition of um(x), we have∣∣xn−1n um(x)∣∣ ∣∣∣∣xn−1n { ∫
|y′|2|x|
+
∫
|y′|2|x|
}
P∂R+n (x, y
′)u(y′) dy′
∣∣∣∣
A
∫
|y′|2|x|
|x|n+m|u(y′)|
(1 + |y′|)n+m dy
′ + A
∫
|y′|2|x|
|x|n+m+α|u(y′)|
(1 + |y′|)n+α dy
′,
where |x| 4, xn > 0. Thus
lim
R→∞R
−n−α max
{
xn−1n |um(x)|: |x| = R,xn  0
}= 0. (20)
So (13) holds. To verify the boundary behavior of um(x), fix a boundary point a′ = (a1, a2, . . . ,
an−1) ∈ Rn−1, choose a large T > |a′| + 1, and write
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∫
|y′|T
PR+n (x, y
′)u(y′)dy′ −
m∑
k=0
2xn|x|k
ωn
∫
1|y′|T
C
n/2
k
(
x′ · y′
|x||y′|
)
u(y′) dy′
+
∫
|y′|T
PmR+n
(x, y′)u(y′) dy′.
Consider x → a′, the first term approaches u(a′) because it is the Poisson integral of
u(y′)χB(T )(y′), where χB(T ) is the characteristic function of the ball B(T ) = {y′ ∈ Rn−1: |y′|
T }, the second term is a polynomial times xn and tends to 0, and the third is O(xn) and
therefore also to 0. So the function um(x) can be continuously extended to R+n such that
um(x
′) = u(x′); consequently, u(x) − um(x) is harmonic in R+n and can be continuously ex-
tended to R+n with 0 in the boundary ∂R+n of R+n . The Schwarz reflection principle [1, p. 68] and
[2, p. 28] applied to u(x) − um(x) shows that there exists a harmonic function h(x) in Rn such
that h(x∗) = −h(x) = −(u(x) − um(x)) for x ∈ R+n , where x∗ = (x′,−xn) is the reflection of x
in ∂R+n . Therefore, if α > 0, by (13) and (19),
lim inf
R→∞ R
−α−n
∫
|x|=1
xn−1n h(Rx)dσ(x) = 0. (21)
The spherical harmonic expansion theorem [1, p. 100] gives
h(Rx) =
∞∑
k=0
RkPk(x), (22)
for all R > 0, x ∈ Rn, the series converging absolutely and uniformly on compact subsets, where
Pk(x) (k = 0,1,2, . . .) are homogeneous harmonic polynomials of degree k. For each k, by
Theorem 2.1 in [6, p. 139], there are Pk,j (x) ∈ (HP)j such that
xn−1n Pk(x) =
n−1∑
l=0
|x|2lPk,k+n−1−2l (x),
where (HP)j is the set of real homogeneous harmonic polynomials of degree j with the proviso
that (HP)j = {0} for j < 0. The series in (22) converges absolutely and uniformly on compact
sets and so may be integrated over the unit sphere ∂B1 term by term, for j = 0,1,2, . . . , and
s = 0,1,2, . . . , n − 1, orthogonality of spherical harmonics [6, p. 141] gives∫
|x|=1
Pj,j+n−1−2s(x)xn−1n h(Rx)dσ(x)
=
∞∑
k=0
Rk
∫
|x|=1
Pj,j+n−1−2s(x)Pk,j+n−1−2s (x) dσ (x). (23)
By (21) and (22), the order relation in (23) shows that the coefficient of Rk in (22) vanishes when
k  α + 1, j = 0,1,2, . . . , i.e.,∫
Pj,j+n−1−2s(x)Pk,j+n−1−2s(x) dσ (x) = 0
|x|=1
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zero for k  α + 1, 0  s  n − 1, so by (23) Pk(x) is identically equal to zero for k  α + 1.
Therefore
h(x) =
m+1∑
k=0
Pk(x)
is a harmonic polynomial Qm(x) of degree not greater than m+ 1 which vanishes on the bound-
ary ∂R+n such that u(x) =
∑m+1
k=0 Pk(x)+ um(x) = Qm(x)+ um(x) for all x ∈ R+n , hence P0(x)
is identically equal to zero and there exists a constant c1 such that P1(x) = c1xn. Therefore the-
orem holds for α > 0. If u ∈ (CH)0, then u ∈ (CH)α for each α > 0, so there exists a constant c1
such that u(x) = c1xn + u0(x), so if we take
c = c1 − 1
ωn
∫
|y′|1
u(y′)
|y′|n dy
′,
we see that u(x) = cxn +u−1(x) holds for all x ∈ R+n . This completes the proof of theorem. 
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